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HOMOTOPY PULLBACK OF An-SPACES AND ITS APPLICATIONS TO An-TYPES OF
GAUGE GROUPS
MITSUNOBU TSUTAYA
Abstract. We construct the homotopy pullback of An-spaces and show some universal property of it.
As the first application, we review the Zabrodsky’s result which states that for each prime p, there
is a finite CW complex which admits an Ap−1-form but no Ap-form. As the second application, we
investigate An-types of gauge groups. In particular, we give a new result on An-types of the gauge
groups of principal SU(2)-bundles over S 4, which is a complete classification when they are localized
away from 2.
1. Introduction
The concept of An-space was first introduced by Stasheff in [Sta63a] as an H-space with higher ho-
motopy associativity. In [Sta63b], he also defined morphism between them, called An-homomorphism,
but, as pointed out by himself, it is too restrictive class. Later, more general morphism between them,
called An-map, were formulated by Boardaman and Vogt [BV73] and by Iwase [Iwa83] (Iwase’s
construction can also be found in [IM89]).
Before their formulation of An-map, to construct mixing of An-types, “homotopy pullback of An-
maps” was considered by Zabrodsky [Zab70] and by Mimura, Nishida and Toda [MNT71] in certain
sense. Iwase and Mimura [IM89] gave an outline of the proof of that the homotopy pullback of
An-maps becomes an An-space, using the An-structures.
The first aim of this paper is to construct the homotopy pullback of An-spaces by giving an An-
form on the usual homotopy pullback of spaces. As pointed above, this is not a new result but a
new realization. We will consider the homotopy pullback of An-spaces by An-homomorphisms first
(Section 3). After that, we consider the homotopy pullback by general An-maps (Section 4). As an
application, we revisit the result of Zabrodsky [Zab70].
We will also investigate An-types of gauge groups. For a principal G-bundle P, the gauge group
G(P) is the topological group consisting of self-isomorphisms on P. If principal G-bundles P and P′
are isomorphic, then the gauge groups G(P) and G(P′) are isomorphic as topological groups. Consid-
ering the converse of this statement, if we replace ‘isomorphic as topological groups’ by ‘homotopy
equivalent as topological spaces’, then it becomes much far from true. This was first pointed out
by Kono’s result [Kon91]. As is well known, the principal SU(2)-bundles over the four dimensional
sphere S 4 is classified by the homotopy group π4(BSU(2))  Z of the classifying space. Kono’s result
says that there are only 6 homotopy types of the gauge groups of them.
More generally, for a compact connected Lie group G and a finite CW complex B, Crabb and
Sutherland [CS00] showed that the number of homotopy types of the gauge groups of principal G-
bundles over B is finite. This finiteness holds not only for homotopy types but also for H-types (i.e.
equivalence classes as H-spaces).
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Kishimoto and Kono [KK10] gave the condition for that the adjoint group bundle adP (see Section
8) is trivial as a fiberwise An-space. We note that the space of sections Γ(adP) of adP is naturally
isomorphic to the gauge group G(P).
The author [Tsu12a] generalized the result of Crabb and Sutherland for ‘An-equivalence types’
with n < ∞ (the case when n = 2 had been already known by them). He [Tsu12a], [Tsu12b] also
considered the classification of An-types of gauge groups of principal SU(2)-bundles over S 4.
Though there are many complete results on classifications of gauge groups, for example, [Kon91],
[HK06], [HK07], [KKKT07], [HKK08], most of them were shown by observing the order of the
Samelson product and using [HK06, Lemma 3.2], which states that in some good situation, two gauge
groups are homotopy equivalent if their p-localizations are homotopy equivalent for each prime p.
The second aim of this paper is to generalize this statement for An-types of gauge groups as follows
(Section 8).
Theorem 1.1. Let G be a compact connected Lie group, of which the rationalization G(0) is homotopy
equivalent to the product S 2n1−1(0) × · · · × S
2nℓ−1
(0) of rationalized spheres. Fix a map ǫ : S r−1 → G
with r ≥ 2nℓ. For an integer k ∈ Z, denote the principal G-bundle over S r with classifying map
kǫ : S r−1 → G by Pk. Take an integer N ∈ Z such that the adjoint group bundle adPN is An-trivial.
Then, the gauge groups G(Pk) and G(Pk′) are An-equivalent if (N, k) = (N, k′), where (a, b) represents
the greatest common divisor of a and b.
We note that when n = 1, it is easy to see that adPN is fiberwise homotopy equivalent to the trivial
bundle if and only if the Samelson product 〈ǫ, idG〉 ∈ [S r−1∧G,G]0 is annihilated by N. To generalize
the homotopy version to the above An-version, in some sense, we need to control the An-form of the
homotopy pullback.
Using the above theorem, we will show the following new result (Section 9).
Theorem 1.2. Denote the principal SU(2)-bundle over S 4 with second Chern number k ∈ Z by
Pk. Then, for each positive integer n, the gauge groups G(Pk) and G(Pk′) are An-equivalent if
min{2n, v2(k)} = min{2n, v2(k′)} and min{[2n/(p − 1)], vp(k)} = min{[2n/(p − 1)], vp(k′)} for any
odd prime p, where vp(k) denotes the p-exponent of k and [m] the maximum integer not greater than
m. Moreover, if v2(k) ≤ 1, the converse is also true.
In order to use various exponential laws, we will always work in the category of compactly
generated spaces and require pointed spaces have the homotopy extension property of the base-
points.
The author would like to express his gratitude to Professors Norio Iwase, Daisuke Kishimoto and
Akira Kono for giving valuable comments on this work.
2. An-spaces and An-maps
Let us denote the i-th associahedron by Ki (i = 2, 3, . . .) and the i-th multiplihedron by Ji (i =
1, 2, . . .). There are boundary maps and degeneracy maps of them:
∂k(r, s) : Kr × Ks → Kr+s−1 (1 ≤ k ≤ r),
sk : Ki → Ki−1 (1 ≤ k ≤ i),
δk(r, s) : Jr × Ks → Jr+s−1 (1 ≤ k ≤ r),
δ(t, r1, . . . , rt) : Kt × Jr1 × · · · × Jrt → Jr1+···+rt ,
dk : Ji → Ji−1 (1 ≤ k ≤ i),
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which satisfy some relations. Define the boundaries ∂Ki ⊂ Ki and ∂Ji ⊂ Ji as the unions of the
images of boundary maps. Then there are homeomorphisms (Ki, ∂Ki)  (Di−2, S i−3) and (Ji, ∂Ji) 
(Di−1, S i−2), where Di is the i-dimensional disk and S i−1 ⊂ Di is its boundary sphere. For details, see
[Sta63a] and [IM89].
Now, we recall the definitions of An-spaces and An-maps.
Definition 2.1. Let X be a pointed space. A family of maps {mi : Ki × Xi → X}ni=2 is said to be an
An-form on X if the following conditions are satisfied:
(1) m2(x, ∗) = m2(∗, x) = x
(2) mr+s−1(∂k(r, s)(ρ, σ); x1, . . . , xr+s−1)
= mr(ρ; x1, . . . , xk−1,ms(σ; xk, . . . , xk+s−1), xk+s, . . . , xr+s−1)
(3) mi−1(sk(ρ); x1, . . . , xi−1) = mi(ρ; x1, . . . , xk−1, ∗, xk, . . . , xi−1)
The pair (X, {mi}) of a pointed space and its An-form is called an An-space.
Example 2.2. Let G be a topological monoid. Then G is an A∞-space with A∞-form {mi} defined by
mi(ρ; x1, . . . , xi) = x1 · · · xi.
We call {mi} the canonical A∞-form of G. Unless otherwise stated, we regard a topological monoid as
an A∞-space with the canonical A∞-form.
Definition 2.3. Let (X, {mi}) and (X′, {m′i}) be An-spaces and f : X → X′ a pointed map. A family of
maps { fi : Ji × Xi → X′}ni=1 is said to be an An-form on f if the following conditions are satisfied:
(1) f1 = f ,
(2) fr+s−1(δk(r, s)(ρ, σ); x1, . . . , xr+s−1)
= fr(ρ; x1, . . . , xk−1,ms(σ; xk, . . . , xk+s−1), xk+s, . . . , xr+s−1)
(3) fr1+···+rt(δ(t, r1, . . . , rt)(τ, ρ1, . . . , ρt); x1, . . . , xr1+···+rt)
= m′t(τ; fr1(ρ1; x1, . . . , xr1), . . . , frt(ρt; xr1+···+rt−1+1, . . . , xr1+···+rt))
(4) fi−1(dk(ρ); x1, . . . , xi−1) = fi(ρ; x1, . . . , xk−1, ∗, xk, . . . , xi−1)
The pair ( f , { fi}) of a pointed map and its An-form is called an An-map. For An-maps ( f , { fi}), ( f ′, { f ′i }) :
(X, {mi}) → (X′, {m′i}), a homotopy between them is a continuous family of An-maps (F : I × X →
X′, {Fi : I × Ji × Xi → X′}) parametrized by the unit interval I = [0, 1] such that Fi(0, ρ; x1, . . . , xi) =
fi(ρ; x1, . . . , xi) and Fi(1, ρ; x1, . . . , xi) = f ′i (ρ; x1, . . . , xi).
Remark 2.4. In some literature, an An-map is defined as a map which admits some An-form. But we
always consider An-maps together with An-forms.
Remark 2.5. In the author’s previous work [Tsu12a], An-forms are not required to satisfy the condition
concerning degeneracies. So, we will pay attention to quote a result in that work if necessary.
If ( f , { fi}) : (X, {mi}) → (X′, {m′i}) is an An-map and a pointed map f ′ : X → X′ is pointed
homotopic to f , then, by homotopy extension property, f ′ also admits an An-form { f ′i } such that
( f ′, { f ′i }) is homotopic to ( f , { fi}).
The definition of An-maps is complicated and it is difficult to treat in general. So we often consider
some class of An-maps defined more easily.
Definition 2.6. Let (X, {mi}) and (X′, {m′i}) be An-spaces. A pointed map f : X → X′ is said to be an
An-homomorphism if f satisfies
f (mi(ρ; x1, . . . , xi)) = m′i(ρ; x1, . . . , xi).
Now we see that an An-homomorphism admits an An-form. Iwase and Mimura [IM89] constructed
maps πi : Ji → Ki (i = 2, 3, . . .) such that
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(1) πi ◦ δ1(1, i) = πi ◦ δ(i, 1, . . . , 1) = idKi ,
(2) πr+s−1 ◦ δk(r, s) = ∂k(r, s) ◦ (πr × idKs),
(3) πr1+···+rt ◦ δ(t, r1, . . . , rt)
=∂r1+···+rt−1+1(r1+· · ·+rt−1+1, rt)◦ · · · ◦(∂r1+1(r1+t−1, r2)×idKr3×···×Krt )◦(∂1(t, r1)×idKr2×···×Krt )◦
(idKt×πr1×· · ·×πrt),
(4) πi ◦ dk = sk ◦ πi.
Denote the underlined composite in the third equation by D. Then D has the property that
mr1+···+rt(D(τ, ρ1, · · · , ρt); x1, · · · , xr1+···+rt) = mt(τ; mr1(ρ1; x1, · · · , xr1), · · · ,mrt(ρt; · · · , xr1+···+rt))
for an An-space (X, {mi}).
Thus, if f : X → X′ is an An-homomorphism between An-spaces (X, {mi}) and (X′, {m′i}), then the
sequence of maps { fi : Ji × Xi → X′}ni=1 defined by
fi(ρ; x1, . . . , xi) = f (mi(πi(ρ); x1, . . . , xi))
is an An-form of f . We call { fi} the canonical An-form of f . Unless otherwise stated, we regard an
An-homomorphism as an An-map with the canonical An-form.
Example 2.7. A homomorphism f : G → G′ between topological monoids is an A∞-homomorphism.
The canonical A∞-form { fi} of f is given as
fi(ρ; x1, . . . , xi) = f (x1 · · · xi).
Next, we consider the composition of An-maps. The composition of general An-maps is compli-
cated. But the composite of an An-map with an An-homomorphism is easily considered as follows.
Definition 2.8. Let (X, {mi}), (X′, {m′i}), (X′′, {m′′i }) be An-spaces. If ( f , { fi}) : (X, {mi}) → (X′, {m′i})
is an An-map and g : X′ → X′′ is an An-homomorphism, then we call the An-map (g ◦ f , {g ◦ fi})
the canonical composite of ( f , { fi}) and g. Similarly, if f : X → X′ is an An-homomorphism and
(g, {gi}) : (X′, {m′i}) → (X′′, {m′′i }) is an An-map, then we call the An-map (g ◦ f , {gi ◦ (idJi × f ×i)}) the
canonical composite of f and (g, {gi}).
We also consider an equivalence relation of An-spaces.
Definition 2.9. Let (X, {mi}), (X′, {m′i}) be An-spaces. Then an An-map ( f , { fi}) : (X, {mi}) → (X′, {m′i})
is said to be an An-equivalence if the underlying map f is a pointed homotopy equivalence. We say
(X, {mi}) and (X′, {m′i}) are An-equivalent if there exists an An-equivalence (X, {mi}) → (X′, {m,′i }).
Proposition 2.10. The relation An-equivalence is an equivalence relation between An-spaces.
Remark 2.11. Iwase and Mimura gave an outline of the proof in [IM89]. We will give a proof of this
proposition in Remark 4.3.
For a pointed space X, let us denote the subspace of the product Xn consisting of the points
(x1, . . . , xn) ∈ Xn with xk = ∗ for some k by X[n] (the fat wedge). The localization of an An-space
is also an An-space as follows.
Proposition 2.12. Let P be a set of primes and (X, {mi}) be a path-connected An-space. For a P-
localization map ℓ : X → XP, there exists an An-form {mPi } on XP such that ℓ admits an An-form {ℓi}
such that (ℓ, {ℓi}) is an An-map between (X, {mi}) and (XP, {mPi }).
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Proof. We construct the An-forms {mPi } and {ℓi} inductively. Put ℓ1 = ℓ. Assume we have obtained
Ai−1-forms {mPj }i−1j=2 and {ℓ j}i−1j=1 as above. We define a map ℓi on (∂Ji− Intδ(i, 1, . . . , 1))×Xi∪Ji×X[n]
by
ℓi(ρ; x1, . . . , xi)
=

ℓs(σ; x1, . . . , xk−1,mt(τ; xk, . . . , xk+s−1), xk+s, . . . , xi) (ρ = δk(s, t)(σ, τ))
mPt (τ; ℓs1(σ1; x1, . . . , xs1), . . . , ℓst(σt; xs1+···+si−1+1, . . . , xi)) (ρ = δ(t, s1, . . . , st)(τ, σ1, . . . , σt), t < i)
ℓi−1(dk(ρ); x1, . . . , xk−1, xk+1, . . . , xi) (xk = ∗)
.
Since X[i] ⊂ Xi has homotopy extension property and ∂Ji − Intδ(i, 1, . . . , 1) is a deformation retract
of Ji, this map extends to ℓi : Ji × Xi → XP. Similarly, we define mPi on ∂Ki × XiP ∪ Ki × X
[n]
P
by
mPi (ρ; x1, . . . , xi) =
{
mPs (σ; x1, . . . , xk−1,mt(τ; xk, . . . , xk+s−1), xk+s, . . . , xi) (ρ = ∂k(s, t)(σ, τ))
mPi−1(sk(ρ); x1, . . . , xk−1, xk+1, . . . , xi) (xk = ∗).
By the weak homotopy equivalence (ℓi)∗ : Map(Xi
P
, XP) → Map(Xi, XP), mPi extends to mPi : Ki ×
Xi
P
→ XP such that
ℓi(δ(i, 1, . . . , 1)(ρ, ∗, . . . , ∗); x1, . . . , xi) = mPi (ρ; ℓ(x1), . . . , ℓ(xi)).
Therefore, (ℓ, {ℓ j}ij=1) is an Ai-map between (X, {m j}ij=2) and (XP, {mPj }ij=2). 
Remark 2.13. In the above proof, we only used the property of the P-localization that ℓ : X → XP
induces the weak homotopy equivalence Map(Xi
P
, Y) → Map(Xi, Y) for any P-local space Y .
Remark 2.14. Every path-connected An-space (n ≥ 2) is nilpotent and so it has its P-localization in
the sense of [HMR75].
3. Pullback of An-homomorphism fibrations
From now on, we often abbreviate An-forms of An-spaces and An-maps by underlying spaces and
maps, respectively. For example, an An-space (X, {mi}) is abbreviated by X, an An-map ( f , { fi}) :
(X, {mi}) → (X′, {m′i}) by f : X → X′, a homotopy (F, {Fi}) between An-maps ( f , { fi}), ( f ′, { f ′i }) :
(X, {mi}) → (X′, {m′i}) by F : I × X → X′, and so on.
As easily checked, for An-homomorphisms f1 : X1 → X3 and f2 : X2 → X3, the pullback (in the
topological sense) X of the diagram X1
f1
−→ X3
f2
←− X2 naturally inherits an An-form and the natural
projections p1 : X → X1 and p2 : X → X2 are An-homomorphisms. If the map f1 : X1 → X3 is a
Hurewicz fibration, X has the following universal property.
Theorem 3.1. Let X1, X2 and X3 be An-spaces and f1 : X1 → X3 and f2 : X2 → X3 be An-
homomorphisms. In addition, suppose f1 is a Hurewicz fibration. Denote the topological pullback of
X1
f1
−→ X3
f2
←− X2 by X and the projections by p1 : X → X1 and p2 : X → X2. Then X has the following
homotopy lifting property: for an An-space Y and An-maps g1 : Y → X1 and g2 : Y → X2, if the canon-
ical composites f1 ◦ g1 and f2 ◦ g2 are homotopic as An-maps through a homotopy G3 : I × Y → X3,
then there exist an An-map g : Y → X and a homotopy G1 : I × Y → X1 of An-maps from g1 to
p1 ◦ g, where the canonical composites p2 ◦ g and f1 ◦G1 are equal to g2 and G3, respectively. Here,
g and G1 are unique up to homotopy. More precisely, if g′ : Y → X and G′1 : I × Y → X1 satisfy
the same condition as g and G1, then there exist a homotopy γ : I × Y → X of An-maps from g to
g′ and a homotopy Γ1 : I × (I × Y) → X1 of homotopies of An-maps from G1 to G′1 such that the
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canonical composites p2 ◦ γ and f1 ◦ Γ1 are the stationary homotopies of g2 and G3, respectively, and
the canonical composite p1 ◦ γ is equal to Γ|I×({1}×Y).
Y
g2

g1
##
g

X
p2

p1
// X1
f1

X2
f2 // X3
This theorem immediately follows from the property of the topological pullback and the following
lemma.
Lemma 3.2. Let X1, X3 and Y be An-spaces and f1 : X1 → X3 be an An-homomorphism and a
Hurewicz fibration. If g1 : Y → X1 and g3 : Y → X3 are An-maps such that there is a homotopy
G3 : I × Y → X3 of An-maps from f1 ◦ g1 to g3, then there exists a homotopy G1 : I × Y → X1 of
An-maps such that the canonical composite f1 ◦G1 is equal to G3.
Moreover, if G′1 : I × Y → X1 satisfies the same condition as G1, then there exists a homotopy
Γ1 : I × (I × Y) → X of homotopies of An-maps from G1 to G′1 such that the restriction Γ1|I×({0}×Y) is
the stationary homotopy of g1 and the canonical composite f1 ◦ Γ1 is the stationary homotopy of G3.
Y
g1 //
g3
❄
❄❄
❄❄
❄❄
❄ X1
f1

X3
Proof. Denote the An-forms of X1, Y , g1, G3 by {(m1)i}, {(mY)i} {(g1)i} and {(G3)i}, respectively. We
prove this lemma by induction. As a homotopy of pointed maps, G3 lifts to G1 by the covering
homotopy property of f1. Assume G3 lifts to a homotopy of Ai−1-maps {(G1) j}i−1j=1. Then define a map
(G1)i : ((({0} × Ji) ∪ (I × ∂Ji)) × Y i) ∪ (I × Ji × Y [i]) → X1 by
(G1)i(u, ρ; y1, . . . , yi)
=

(g1)i(ρ; y1, . . . , yi) (u = 0)
(G1)s(σ; y1, . . . , yk−1, (mY)t(τ; yk, . . . , yk+s−1), yk+s, . . . , yi) (ρ = δk(s, t)(σ, τ))
(m1)s(σ; (G1)t1(τ1; y1, . . . , yt1), . . . , (G1)ts (τs; yt1+···+ts−1+1, . . . , yi)) (ρ = δ(s, t1, . . . , ts)(σ, τ1, . . . , τs))
(G1)i−1(u, dk(ρ); y1, . . . , yk−1, yk+1, . . . , yi) (yk = ∗)
.
Then the composite f1 ◦ (G1)i is equal to (G3)i at every point where (G1)i is defined. By the covering
homotopy extension property, (G1)i extends to (G1)i : I × Ji × Y i → X1 with f1 ◦ (G1)i = (G3)i.
Therefore, G3 lifts to a homotopy of Ai-maps {(G1) j}ij=1 satisfying the desired properties.
The latter half follows from a quite analogous argument. 
One can prove the universal property for homotopies as follows analogously. For homotopies
H, H′ : I × Y → X of An-maps between f and f ′ and between f ′ and f ′′, respectively, let us denote
the composite of homotopies H and H′ by H ∗H′. More precisely, the underlying homotopy H ∗H′ :
I × (I × Y) → X is defined as
(H ∗ H′)(v, u; y) =
{
H(2v, u; y) (0 ≤ v ≤ 1/2)
H′(2v − 1, u; y) (1/2 ≤ v ≤ 1)
and its An-form is similarly defined.
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Theorem 3.3. Set the following diagram of pullback of An-homomorphisms as in Theorem 3.1.
X
p1

p2
// X2
f2

X1
f1 // X3
For an An-space Y, An-maps g1, g′1 : Y → X1, g2, g
′
2 : Y → X2, and homotopies of An-maps h1 :
I × Y → X1 from g1 to g′1, h2 : I × Y → X2 from g2 to g′2, G3 : I × Y → X3 from f1 ◦ g1 to f2 ◦ g2 and
G′3 : I × Y → X3 from f1 ◦ g′1 to f2 ◦ g′2, if the composite of homotopies ( f1 ◦ h1) ∗G′3 and G3 ∗ ( f2 ◦ h2)
are homotopic as homotopies of An-maps, then there exist a homotopy of An-maps γ : I × Y → X and
a homotopy of homotopies of An-maps Γ1 : I × (I × Y) → X1 such that the following equalities as
homotopies of An-maps hold:
Γ1|{0}×(I×Y) = h1,
Γ1|{1}×(I×Y) = p1 ◦ γ,
f1 ◦ Γ1|I×({0}×Y) = G3,
f1 ◦ Γ1|I×({1}×Y) = G′3.
Homotopies in this theorem are described as in the following diagram which commutes up to
homotopy between homotopies of An-maps.
f1 ◦ g1 G3 +3
f1◦h1

f2 ◦ g2
f2◦h2

f1 ◦ g′1
G′3 +3 f2 ◦ g′2
The arrows of the shape ⇒ represent homotopies.
4. Homotopy pullback of general An-maps
In the previous section, we observed the pullback of An-homomorphisms, one of which is a Hurewicz
fibration. To generalize this construction, we show the fact that every An-map can be “replaced” by
an An-homomorphism which is a Hurewicz fibration.
Let f : X → X′ be a pointed map between pointed spaces. As is well-known, there is a Hurewicz
fibration ˜f : ˜X → X′ and a pointed homotopy equivalence q : ˜X → X such that the following diagram
commutes up to homotopy,
˜X
˜f
❅
❅❅
❅❅
❅❅
❅
q

X f
// X′
where
˜X = { (x, ℓ) ∈ X × X′I | ℓ(0) = f (x) },
q(x, ℓ) = x, ˜f (x, ℓ) = ℓ(1).
We remark that q is also a Hurewicz fibration.
Proposition 4.1. Let (X, {mi}) and (X′, {m′i}) be An-spaces, ( f , { fi}) : (X, {mi}) → (X′, {m′i}) an An-map
and ˜X, ˜f , q as above. Then ˜X admits an An-form such that ˜f and q are An-homomorphisms and the
canonical composite ( f ◦ q, { fi ◦ (idJi × q×i)}) is homotopic to ˜f as an An-map.
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Proof. We construct maps Fi : I ×Ji × ˜Xi → X′ and m˜i : Ki × ˜Xi → ˜X inductively as follows. Define
a map F1 : I × ˜X → X′ by F1(u, (x, ℓ)) = ℓ(u). Suppose that we have defined the maps {F j}i−1j=1 and
{m˜ j}i−1j=2 such that
F j(u, ρ; (x1, ℓ1), . . . , (x j, ℓ j))
=

f j(ρ; x1, . . . , x j) (u = 0)
M′j(ρ; ℓ1(1), . . . , ℓ j(1)) (u = 1)
Fs(u, σ; (x1, ℓ1), . . . , m˜t(τ; (xk, ℓk), . . .), . . . , (x j, ℓ j)) (ρ = δk(s, t)(σ, τ), s > 1)
m′s(σ; Ft1(u, τ1; (x1, ℓ1), . . .), . . . , Fts(u, τs; . . . , (x j, ℓ j))) (ρ = δ(s, t1, . . . , ts)(σ, τ1, . . . , τs))
F j−1(u, sk(ρ); (x1, ℓ1), . . . , (xk−1, ℓk−1), (xk+1, ℓk+1), . . . , (x j, ℓ j)) ((xk, ℓk) = ∗)
and
m˜ j(ρ; (x1, ℓ1), . . . , (x j, ℓ j)) = (m j(ρ; x1, . . . , x j), (u 7→ F j(u, δ1(1, j)(∗, ρ); (x1, ℓ1), . . . , (x j, ℓ j))) ),
where {M′j} is the canonical An-form of the identity map X′ → X′. Let us denote ∂(I × Ji) =
(∂I×Ji)∪ (I×∂Ji). We also define Fi on (∂(I×Ji)− Int (I×δ1(1, i)))× ˜Xi∪ I×Ji× ˜X[i] by the above
formula. Since ∂(I ×Ji)− Int (I × δ1(1, i)) is a deformation retract of I ×Ji and ˜X is well-pointed, Fi
extends over I × Ji × ˜Xi and then m˜i is obtained by the above formula.
Thus {m˜i}ni=2 is an An-form of ˜X and ˜f is an An-homomorphism. The family of maps {Fi} is a
homotopy from { fi ◦ (idJi × q×i)} to {M′i ◦ (idJi × ˜f ×i)} through An-forms, where {M′i ◦ (idJi × ˜f ×i)} is
the canonical An-form of ˜f . 
Remark 4.2. If X and X′ are topological monoids and f is a homomorphism, then ˜X is naturally a
topological monoid and ˜f is homotopic to f ◦ q as a homomorphism.
Remark 4.3. In fact, using Proposition 4.1, we can show Proposition 2.10 as follows. Let f : X → X′
be an An-equivalence between An-spaces. Take ˜f : ˜X → X′ and q : ˜X → X as above. Since
˜f : ˜X → X′ is a homotopy equivalence fibration and an An-homomorphism, we can find an An-map
s : X′ → ˜X such that the canonical composite ˜f ◦ s is the identity on X′ with the canonical An-form.
A homotopy inverse q ◦ s of f thus admits an An-form.
Now we recall homotopy pullback. For a diagram X1
f1
−→ X3
f2
←− X2, the homotopy pullback X of
this diagram is the topological pullback of the diagram ˜X1
˜f1
−→ X3
˜f2
←− ˜X2. There are natural projections
qi : X → Xi (i = 1, 2), which is defined as the composite of the canonical projections pi : X → ˜Xi and
q˜i : ˜Xi → Xi. If there exists the following homotopy commutative diagram:
X1 //

X3

X2oo

Y1 // Y3 Y2oo
then there exists a lift X → Y . Moreover, if all the vertical arrows are homotopy equivalence, then the
lift X → Y is also a homotopy equivalence.
By Proposition 4.1, we immediately obtain the following theorem.
Theorem 4.4. Let f1 : X1 → X3 and f2 : X2 → X3 be An-maps between An-spaces. Then the homotopy
pullback X of X1 f1−→ X3 f2←− X2 admits an An-form such that the natural projections q1 : X → X1
and q2 : X → X2 are An-homomorphisms and the canonical composites f1 ◦ q1 : X → X3 and
f2 ◦ q2 : X → X3 are homotopic as An-maps.
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Remark 4.5. We have shown the universal property of homotopy pullback of An-homomorphisms in
Theorem 3.1. In contrast, Theorem 4.4 does not claim any universal property of homotopy pullback
of general An-maps. To state the universal property precisely, we need the “higher category of An-
spaces and An-maps with higher homotopy”. For example, Lurie [Lur] formulated operads in a higher
categorical language and showed some commutativity of general homotopy limits with forgetting
operad actions. But to apply his result to our situation, it seems to take too much effort to translate it
to our language. So we choose to work in a very naive formulation.
Example 4.6. Let f : X → Y be an An-map. The homotopy fiber F of f is defined by the following
homotopy pullback square
F //

X
f

∗ // Y.
Then, since the point ∗ and the inclusion ∗ → Y have the unique An-forms, F and the inclusion F → X
are naturally an An-space and an An-map, respectively.
As an application, we revisit the result of Zabrodsky [Zab70].
Theorem 4.7 ([Zab70]). For any prime p, there is a finite CW complex X which admits an Ap−1-form
but no Ap-form.
Proof. For the case when p = 2, it is sufficient to take X = S 2. Let p be an odd prime. Recall the
fact that the double suspension map Σ2 : S 2n−1 → Ω2S 2n+1 induces the isomorphisms πi(S 2n−1)(p) →
πi(Ω2S 2n+1)(p) on p-localized homotopy groups for i < 2pn − 3. This implies that the p-localized
sphere S 2n−1(p) admits an Ap−1-form since Ω2S 2n+1(p) is an A∞-space.
Next, consider the homotopy pullback Y of the diagram S 3(p)×· · ·×S
2p+1
(p) → K(Q, 3)×· · ·×K(Q, 2p+
1) ← SU(p + 1)P of localizations of Ap−1-spaces, where P is the set of the primes other than p. This
is justified since SU(p+1)(0) is A∞-equivalent to K(Q, 3)× · · · ×K(Q, 2p+1) (because the classifying
space BSU(p + 1)(0) is homotopy equivalent to K(Q, 4) × · · · × K(Q, 2p + 2)) and for each i, the
rationalization S 2i−1(p) → K(Q, 2i − 1) admits an Ap−1-form by an easy obstruction argument. As easily
seen, Y is homotopy equivalent to a finite CW complex of which cells have the same dimensions as
ones of S 3 × · · · × S 2p−1 and SU(p + 1). By Theorem 4.4, Y admits an Ap−1-form.
Consider the p-localization Y(p) ≃ S 3(p) × · · · × S
2p+1
(p) . Suppose Y admits an Ap-form. Then Y(p) also
admits an Ap-form (Proposition 2.12). This contradicts to the triviality of the action of the Steenrod
operations on H∗(Y(p); Fp) by Lemma 4.8 below. Thus Y admits no Ap-form. 
Lemma 4.8. Let X be an Ap-space with p an odd prime. If the mod p cohomology of X is the exterior
algebra
H∗(X; Fp) = ∧Fp(x3, x5, . . . , x2p+1)
with x2i+1 ∈ H2i+1(X; Fp), then there exists a unit c ∈ Fp−{0} such that P1x3−cx2p+1 is decomposable.
Proof. We assume the results of [Iwa84] and [Hem91]. Let us denote the j-th projective space of X
by XP j. Then we have a decomposition of an algebra
H∗(XPp−1; Fp) = Fp[z4, z6, . . . , x2p+2]/(z2i1+2 · · · z2ip+2 | 1 ≤ i1 ≤ · · · ≤ ip ≤ p) ⊕ S ,
where z2i+2 is the transgression of x2i+1 with respect to the canonical homotopy fibration X → Σp−1X∧p →
XPp−1 and S is some ideal. Moreover, every non-trivial element in S has degree ≥ 4p + 1. Consider
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the canonical homotopy cofibration
Σ
p−1X∧p → XPp−1 → XPp,
where the left map is compatible with the projection in the homotopy fibration mentioned above.
Since the non-zero elements in ˜H∗(Σp−1X∧p; Fp) have degree≥ 4p−1, the induced map H∗(XPp; Fp) →
H∗(XPp−1; Fp) is an isomorphism for ∗ ≤ 4p − 2. Then denote the corresponding element to z2i+2 by
the same symbol z2i+2 ∈ H2i+2(XPp; Fp). The cohomology H4p(XPp; Fp) is spanned by the elements
in Fp[z4, z6, . . . , x2p+2] of degree 4p and zp4 is non-trivial because zp4 is contained in the image of the
connecting map H4p−1(Σp−1X∧p; Fp) → H4p(XPp; Fp) and every non-trivial element in S has degree
≥ 4p + 1.
Consider the element P1z4 ∈ H2p+2(XPp; Fp). By the Adem relation, we have
zp4 = P
2z4 = 2P1P1z4
and thus P1z4 , 0. The element P1z4 is written as a non-trivial linear combination of monomials in
Fp[z4, z6, . . . , x2p+2] because of the degrees of non-trivial elements in S and ˜H∗(Σp−1X∧p; Fp). Then
there is a monomial z2i1+2 · · · z2ik+2 such that z
p
4 appears in the expression of P1(z2i1+2 · · · z2ik+2) modulo
the ideal (z6, . . . , z2p+2). But by the Cartan formula, we have k = 1 and thus obtain i1 = 2p + 2 by
degree. Therefore, the element P1z4 − cz2p+2 is decomposable for some c ∈ Fp − {0} and we conclude
the assertion of this proposition. 
5. Framed fiberwise homotopy theory
From this section to Section 7, we devote ourselves to preparing the tools to handle fiberwise An-
spaces for our later applications to gauge groups.
First of all, we recall the terminology of fiberwise homotopy theory [CJ98].
Definition 5.1. Let B be a space.
(1) A fiberwise space over B consists of a space E together with a map π : E → B, called the
projection.
(2) For fiberwise spaces E π→ B and E′ π
′
→ B and a map f : E → E′, f is called a fiberwise map
over B if π′ ◦ f = π.
(3) For fiberwise spaces E π→ B and E′ π
′
→ B and fiberwise maps f0, f1 : E → E′, a homotopy
f : I × E → E′ between f0 and f1 is called a fiberwise homotopy if π′ ◦ f = π ◦ p2, where
p2 : I × E → E is the second projection.
(4) A fiberwise pointed space over B consists of a fiberwise space E π→ B together with a section
σ : B → E of π (i.e. π ◦ σ = idB). Moreover, we require fiberwise pointed spaces fiberwise
well-pointedness: for a fiberwise map f : E → E′, every fiberwise homotopy h : I × σ(B) →
E′ with h|{0}×σ(B) = f extends to a fiberwise homotopy h′ : I × E → E′ such that h′|{0}×E = f .
Note that each fiber Eb of a fiberwise pointed space E is considered as a pointed space with
basepoint σ(b).
(5) For fiberwise pointed spaces B σ→ E π→ B and B σ
′
→ E′
π′
→ B and a map f : E → E′, f is
called a fiberwise pointed map over B if π′ ◦ f = π and f ◦ σ = σ′.
(6) Fiberwise pointed homotopies are defined to be section-preserving fiberwise homotopies in
the obvious way.
(7) For fiberwise spaces E π→ B and E′ π
′
→ B, the fiber product E ×B E′ is defined as
E ×B E′ = { (e, e′) ∈ E × E′ | π(e) = π′(e′) }
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with the obvious projection E ×B E′ → B. We denote the n-fold fiber product of E by E×Bn.
The fiber product of fiberwise pointed spaces is defined as a fiber product of them with obvious
section.
(8) A fiberwise pointed space B σ→ E π→ B is said to be an ex-fibration if it has the following
pointed homotopy lifting property: for any base space B′ and fiberwise pointed space B′ σ
′
−→
E′
π′
−→ B′ over B′, if F : I × B′ → B is a homotopy and a map f0 : E′ → E satisfies
π ◦ f0 = (F |{0}×B′) ◦ π′ and f0 ◦σ′ = σ ◦ (F |{0}×B′), there is a homotopy f : I ×E′ → E covering
F (i.e. π ◦ f = F ◦ (idI × π′)) such that f |{0}×E′ = f0 and f ◦ (idI × σ) = σ ◦ F.
Remark 5.2. In the rest of this section, we quote May’s result in [May75]. The terminology he used
are different from the above. Let U be the category of compactly generated spaces and T be the
category of well-pointed compactly generated spaces. We list corresponding his terminology here:
(1) U-space,
(2) U-map,
(3) U-homotopy,
(4) T -space,
(5) T -map,
(6) T -homotopy,
(7) (he did not used fiber product in [May75]),
(8) T -fibration.
We remark that May’s U-fibration means just Hurewicz fibration.
Let us introduce framed fibrations. Since the unframed theory has already been established, we
concentrate on the case such that the base space is path-connected.
Definition 5.3. Fix a space X, a Hurewicz fibration E → B over a path-connected pointed space B is
said to be X-framed if a homotopy equivalence, which we call framing, from X to the fiber E∗ over the
basepoint is given. For X-framed Hurewicz fibrations E and E′ over B, a fiberwise map f : E → E′
is said to be X-framed if the following diagram commutes up to homotopy and such homotopy h is
given:
X
⑦⑦
⑦⑦
⑦⑦
⑦⑦
❅
❅❅
❅❅
❅❅
❅
E∗
f // E′∗
where X → E∗ and X → E′∗ are the framings. Two X-framed fiberwise spaces are said to be X-framed
equivalent if there exists an X-framed fiberwise map between them.
Similarly, an ex-fibration E → B over a path-connected pointed space B is said to be X-framed if
a pointed homotopy equivalence from X to the fiber E∗ over the basepoint is given. The maps and
equivalences between them are also similarly defined.
Remark 5.4. By Dold’s Theorem [May75, Theorem 2.6], X-framed equivalence is an equivalence
relation between X-framed Hurewicz or ex-fibrations.
Let B be a path-connected pointed space. For a space X with the homotopy type of a CW complex,
define a set EX(B)0 as the set of X-framed equivalence classes of X-framed Hurewicz fibrations over
B. Similarly, for a pointed space X pointed homotopy equivalent to a CW complex, define a set
E0X(B)0 as the set of X-framed equivalence classes of X-framed ex-fibrations over B. Let ϕ : B →
B′ be a pointed map. Then the pullback of fibrations by ϕ induces maps EX(B′)0 → EX(B)0 and
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E0X(B′)0 → E0X(B)0. This map is determined by a pointed homotopy class of ϕ. This follows from
the next lemma, which is proved similarly to [May75, Lemma 2.4].
Lemma 5.5. Let E and E′ be Hurewicz fibrations over B and B′, and A ⊂ B be a closed subset with
homotopy extension property. Then, for a homotopy ¯h : I×B → B′ and a map h : (I×EA)∪({0}×E) →
E′ covering ¯h|(I×A)∪({0}×B), there exists an extension h′ : I × E → E′ of h covering ¯h.
For ex-fibrations E and E′, the similar assertion holds.
The following classification theorem is also shown similarly to the unframed versions [May75,
Theorem 9.2].
Theorem 5.6 (The classification theorem for framed fibrations). The following statements hold.
(1) Let X be a space with the homotopy type of a CW complex. Then there exists an X-framed
Hurewicz fibration EX over the classifying space BFX of the topological monoid FX of self
homotopy equivalences on X such that the map Φ : [B, BFX]0 → EX(B)0 given by the pull-
back [ϕ] 7→ [ϕ∗EX] is an isomorphism for any pointed CW complex B.
(2) Let X be a pointed space pointed homotopy equivalent to a CW complex. Then there exists an
X-framed ex-fibration EX over the classifying space BHX of the topological monoid HX of
pointed self homotopy equivalences on X such that the map Φ : [B, BHX]0 → E0X(B)0 given
by the pullback [ϕ] 7→ [ϕ∗EX] is an isomorphism for any pointed CW complex B.
Proof. (1) Define a map Ψ : EX(B)0 → [B, BFX]0 by the following procedure. For a X-framed
Hurewicz fibration E → B, we have the associated principal fibration
PE = { u : X → E | u is a homotopy equivalence between X and some fiber } −→ B
with basepoint given by the framing X → E and the following diagram of principal quasi-fibrations.
PE

B(PE, FX, FX)≃oo

// B(∗, FX, FX) = EFX

B
ψ
55
B(PE, FX, ∗)≃oo // B(∗, FX, ∗) = BFX
The horizontal arrows are natural maps and the map ψ is the composite of the homotopy inverse
of B(PE, FX, ∗) → B and the map B(PE, FX, ∗) → BFX. Define Ψ(E) = [ψ]. Since our framed
maps preserve framing only up to homotopy, the well-definedness of Ψ is not so trivial as in May’s
original proof. More precisely, for an X-framed fibrewise map ( f , h) : E → E′, the induced map
B(P f , idFX, ∗) : B(PE, FX, ∗) → B(PE′, FX, ∗) is not necessarily a pointed map. In order to verify
Ψ(E) = Ψ(E′), it is sufficient to consider the following commutative diagram:
B
B(PE, FX, ∗)
≃
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
))❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘
B(PE, FX, ∗) ∨ I
≃
OO
≃oo f∨h //

B(PE′, FX, ∗)
≃
ii❙❙❙❙❙❙❙❙❙❙❙❙❙❙❙❙❙
uu❧❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧
B(∗FX, ∗),
where B(PE, FX, ∗) ∨ I is considered as a pointed space with base point 1 ∈ I and f ∨ h is the map
defined by B(P f , idFX, ∗) on B(PE, FX, ∗) and h : I → PE′ on I with h(0) = ( f∗◦ (the framing of E)) ∈
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PE′ and h(1) = (the framing of E′) ∈ PE′. Once the well-definedness is established, the theorem
follows from the completely same argument as in May’s proof.
The assertion (2) also follows from the analogous argument. 
Remark 5.7. In the corollaries of [May75, Theorem 9.2], the fibers are assumed to be compact. But
this assumption is not needed as remarked in the addenda of [May75] and [May80, Lemma 1.1].
Remark 5.8. Similarly to [May75, Theorem 9.2], one can also show the “framed fiber bundle” version.
6. Quasi-category of fiberwise An-spaces
In this section, we recall the definition of fiberwise An-spaces and introduce the framed version.
Definition 6.1. Let E be an ex-fibration over B. A family of fiberwise maps {mi : Ki × E×Bi → E}ni=2
over B is said to be a fiberwise An-form on E if it restricts to an An-form {mi : Ki × (Eb)i → Eb}ni=2
on each fiber Eb. An ex-fibration equipped with a fiberwise An-form on it is called a fiberwise An-
space. Fiberwise An-maps, their fiberwise homotopies, fiberwise An-homomorphisms and canonical
composition are defined similarly.
We note that every An-space can be considered as a fiberwise An-space over a point.
Boardman and Vogt [BV73] constructed the quasi-categories (the term used in [Joy02]), which they
called restricted Kan complexes, consisting of their “WB-spaces”.
Definition 6.2. Let R = {Ri}∞i=0 be a simplicial class. Then R is said to be a quasi-category if the
following restricted Kan condition holds for i ≥ 2: for any i − 1-simplices x0, · · · , x j−1, x j+1, · · · , xi ∈
Ri−1, 0 < j < i, such that dℓ−1xk = dkxℓ for 0 ≤ k < ℓ ≤ i and k, ℓ , j, there exists an i-simplex x ∈ Ri
such that dkx = xk for k , j.
For a quasi-category R, the homotopy category hoR of R is the ordinary category whose objects are
the elements in R0 and the morphisms between a, b ∈ R0 are the simplicial homotopy classes of edges
f ∈ R1 with d1 f = a and d0 f = b, where the composite of [ f ] : a → b and [g] : b → c is defined to
be such a map [h] : a → c as there exists a 2-simplex σ ∈ R2 with d2σ = f , d0σ = g and d1σ = h.
b
g
❃
❃❃
❃❃
❃❃
❃
a
f
??         h // c
Remark 6.3. The identity on a in hoR is represented by s0a ∈ R1.
Now we recall the terminology and results of [BV73] arranged for fiberwise An-spaces as explained
in [Tsu12a, Section 3 and 4]. But now we need the pointed version.
(1) Fiberwise An-spaces and fiberwise QnhA-maps.
Let A(n, 1) be a point for n ≥ 0 and then A has the unique based monochrome PRO [BV73,
Section V.2] structure. Applying the W ′′-construction [BV73, Section V.3] to A, we obtain
the associahedron (W ′′A)(n, 1)  Kn for each n ≥ 2 and W ′′A(0, 1) and W ′′A(1, 1) are one
point spaces, where the boundary map ∂k(r, s) : Kr × Ks → Kr+s−1 and the degeneracy map
sk : Ki → Ki−1 on associahedra correspond to the composite s-ary tree on the k-th twig and
the composite the stump on the k-th twig in W ′′A, respectively. We denote the based PRO-
subcategory of W ′′A generated by (W ′′A)(i, 1) for i ≤ n by QnW ′′A. Then, fiberwise QnW ′′A-
spaces, defined similarly to [BV73, Definition 5.1], and our fiberwise An-spaces coincide.
The linear category Ln = {0 → 1 → · · · → n} is regarded as a PRO colored by the set
{0, 1, · · · , n}. Consider the Boardman-Vogt tensor product [BV73, Section II.3] A⊗Ln ofA and
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Ln, which is a based PRO colored by {0, 1, · · · , n}. Similarly to QnW ′′A, let QnHW ′′(A ⊗ Lm)
be the homogeneous PRO-subcategory of HW ′′(A ⊗ Lm) generated by HW ′′(A ⊗ Lm)(ir, k)
(ir : {1, . . . , r} → {0, 1, . . . ,m} denotes the constant function with value i) with r ≤ n. We
call a fiberwise QnHW ′′(A ⊗ L1)-space a fiberwise QnhA-map. Further, if its underlying map
is a fiberwise pointed homotopy equivalence, it is said to be a fiberwise QnhA-equivalence.
Similarly, we use the terms QnhA-map and QnhA-equivalence between An-spaces.
(2) Correspondence of fiberwise An-maps and fiberwise QnhA-maps.
In a similar manner to [BV73, Definition 4.1], one can define the based PRO subcategory
LW ′′(A ⊗ L1) ⊂ HW ′′(A ⊗ L1) consisting of level-trees. The PRO subcategory QnLW ′′(A ⊗
L1) ⊂ LW ′′(A ⊗ L1) generated by LW ′′(A ⊗ L1)(ir, k) with r ≤ n is a deformation retract of
QnHW ′′(A ⊗ L1) as a based PRO subcategory by a similar argument to the proof of [BV73,
Proposition 4.6]. Then there is a natural homeomorphism LW ′′(A⊗L1)(0r, 1)  Jr for each r
which has the compatibility about boundary and degeneracy maps similar to the case of asso-
ciahedra explained above. Thus fibrewise QnLW ′′(A⊗L1)-spaces just correspond to fiberwise
An-maps. This observation implies that fiberwise An-maps and fiberwise QnhA-maps corre-
spond one-to-one up to fiberwise homotopy preserving the multiplicative structures.
(3) Quasi-category of fiberwise An-spaces.
Quite analogously to [BV73, Theorem 5.23], the sequence Rn(B) = {Rni (B)}∞i=0 of classes
such that Rni (B) consists of all fiberwise QnW ′′(A ⊗ Li)-spaces over the base B is a quasi-
category. The boundary map dk : Rni (B) → Rni−1(B) is induced from the k-th injection Li−1 →
Li and the degeneracy map sk : Rni (B) → Rni+1(B) is induced from the k-th surjection Li+1 →
Li. Every map B′ → B induces a simplicial map Rn(B) → Rn(B′) defined by pullback.
(4) Composition of fiberwise QnhA-maps.
The color-forgetting mapJn  LW ′′(A⊗L1)(0n, 1) ֒→ HW ′′(A⊗L1)(0n, 1) → W ′′A(n, 1) 
Kn induced from the map L1 → L0 satisfies the same condition for πn in Section 2. For a
simplex σ ∈ Rni (B) and a fiberwise An-homomorphism g : E′0 → E0 = σ|QnHW′′(A⊗{0}), define
the canonical composite σ ◦ g ∈ Rni (B) by
(σ ◦ g)(ρ)(x1, · · · , x j) =

E′0(ρ)(x1, · · · , x j) (ρ ∈ QnHW ′′(A ⊗ Li)(0 j, 0))
σ(ρ)(g(x1), · · · , g(xi)) (ρ ∈ QnHW ′′(A ⊗ Li)(0 j, ℓ), ℓ ≥ 1)
σ(ρ)(x1, · · · , xi) (ρ ∈ QnHW ′′(A ⊗ Li)(k j, ℓ), k ≥ 1),
where E′0 ∈ Rn0(B) denotes the QnW ′′A-structure of E′0. Similarly, for a fiberwise An-homomorphism
h : En = σ|QnHW′′(A⊗{n}) → E′n, the canonical composite h ◦ σ ∈ Rni (B) is defined. Then, for
a fiberwise An-homomorphism f : E → E′, the fiberwise QnhA-map f ◦ (s0E) = (s0E′) ◦ f
corresponds to the canonical An-form of f . Using this, the canonical composite is com-
patible with the composite in the homotopy category hoRn(B) as follows: for a fiberwise
An-homomorphism g : E → E′ and a fiberwise QnhA-map f : E′ → E′′, the 2-simplex
σ := (s0 f ) ◦ g ∈ Rn2(B) satisfies d2σ = (s0E′) ◦ g, d0σ = f and d1σ = f ◦ g.
E′
f
!!❇
❇❇
❇❇
❇❇
❇
E
(s0E′)◦g
>>⑦⑦⑦⑦⑦⑦⑦⑦ f◦g // E′′
Similarly, for a fiberwise QnhA-map f : E → E′ and a fiberwise An-homomorphism h : E′ →
E′′, the 2-simplex σ′ = h◦(s1 f ) ∈ Rn2(B) satisfies d2σ′ = f , d0σ′ = h◦(s0E′) and d1σ′ = h◦ f .
(5) Fiberwise homotopy invariance.
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Analogously to [BV73, Theorem 5.25], if E is a fiberwise An-space and f : E′ → E is a
fiberwise pointed homotopy equivalence between ex-fibrations, then there exists a fiberwise
An-form on E′ such that f admits a fiberwise An-form. Also, we obtain the following as
the counterpart of [BV73, Theorem 5.24]: for a fiberwise QnhA-equivalence f : E → E′,
the fiberwise homotopy inverse g of the underlying fiberwise pointed map f also admits the
structure of a fiberwise QnhA-map which represents the inverse of f in the homotopy category
hoRn(B). Similarly to [BV73, Lemma 5.7], for fiberwise An-forms {mi} and {m′i} on a ex-
fibration E, {mi} and {m′i} are homotopic as fiberwise An-forms on E if and only if the identity
map idE : E → E admits a fiberwise An-form as a fiberwise An-map (E, {mi}) → (E, {m′i}).
(6) Fiberwise localization.
Let E be a fiberwise An-space over B whose fibers are path-connected andP a set of primes.
Since the fibers of E are nilpotent, there exists a fiberwise P-localization ℓ : E → ¯E [May80].
By an analogous argument to the proof of Proposition 2.12, there is a fiberwise QnhA-map
λ ∈ Rn1(B) such that d1λ = E and the underlying map of λ is ℓ. Moreover, for a fiberwise
QnhA-map f : E → E′ such that the fibers of E′ are P-local, then there exists a 2-simplex
σ ∈ Rn2(B) such that d2σ = λ and d1σ = f because the induced map (ℓi)∗ : Map BB( ¯Ei, E′) →
Map BB(Ei, E′) between the space of pointed fiberwise maps is a weak homotopy equivalent.
This universal property implies that the fiberwise P-localization as a fiberwise An-space is
unique up to fiberwise An-equivalence.
Now we consider the framed version.
Definition 6.4. A fiberwise An-space E → B over a path-connected pointed space B with every fiber
An-equivalent to an An-space G is said to be G-framed if a QnhA-equivalence from G to the fiber E∗
over the basepoint is given, which we call the framing of E. For G-framed fiberwise An-spaces E and
E′ over B, a fiberwise QnhA-map f : E → E′ is said to be G-framed if a 2-simplex σ ∈ Rn2(∗) is given
and satisfies the following conditions:
(1) d2σ is the framing G → E∗ of E,
(2) d1σ is the framing G → E′∗ of E,
(3) d0σ is the restriction f∗ : E∗ → E′∗ of f .
Two G-framed fiberwise An-spaces are said to be G-framed equivalent if there exists a G-framed
fiberwise QnhA-map between them. In particular, a G-framed fiberwise An-space over B is said to be
An-trivial if it is G-framed equivalent to the product B ×G with framing G  ∗ ×G ⊂ B ×G.
The relation G-framed equivalence is an equivalence relation between fiberwise An-spaces by
Dold’s theorem and the property of fiberwise An-spaces stated above.
The following lemma will be used in the next section. It is shown by the analogous argument to
the proof of the lifting theorem [BV73, Theorem 3.17].
Lemma 6.5. Let B be a space. Consider a 2-cell σ ∈ Rn2(B) and 1-cells Σ2,Σ0 ∈ Rn1(I × B). If the
conditions Σ2|{0}×B = d2σ, Σ0|{0}×B = d0σ and d0Σ2 = d1Σ0 are satisfied, then there exists a 2-cell
Σ ∈ Rn2(I × B) such that Σ|{0}×B = σ, d2Σ = Σ2 and d0Σ = Σ0.
7. Classification theorem for framed fiberwise An-spaces
The author has shown the classification theorem for (unpointed and unframed) fiberwise An-spaces
[Tsu12a, Theorem 5.7], which is used to show the finiteness of fiberwise An-types of adjoint group
bundles (see Section 8). In this section, we show the classification theorem for framed fiberwise
An-spaces.
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First, we arrange the classification theorem for our fiberwise An-spaces. Let G be an An-space.
Denote the set of equivalence classes of fiberwise An-spaces over a path-connected pointed space B
whose fibers are An-equivalent to G by EAnG(B). For an ex-fibration E over B whose fibers are pointed
homotopy equivalent to G, define a space Mn[E] by
Mn[E] =
∐
b∈B
 {mi} ∈
n∏
i=2
Map(Ki × Eib, Eb)
∣∣∣∣∣∣∣
{mi} : an An-form of Eb such that
Eb and G are An-equivalent

as a set, which is topologized as a subspace of the fiber product of appropriate fiberwise mapping
spaces over B. There is a sequence of natural projections
Mn[E] −→ Mn−1[E] −→ · · · −→ M2[E] −→ M1[E] = B,
each of which is a Hurewicz fibration because of the homotopy extension property of the inclusion
∂Ki ֒→ Ki and the fiberwise well-pointedness of E. Further, by an easy observation, we obtain the
homotopy fiber sequence
Ω
n−2
0 Map 0(G∧n,G) −→ Mn[E] −→ Mn−1[E],
where G∧n denotes the n-fold smash product G ∧ · · · ∧ G, Map 0(X, Y) the space of all pointed maps
X → Y and Ωm0 X the space of all pointed maps S m → X homotopic to the constant map. By the
exponential law, each fiberwise An-form on E corresponds to a section of the projection Mn[E] → B.
The pullback En[E] of E by the projection Mn[E] → B has a natural fiberwise An-form such that the
restricted An-form of the fiber over a point {mi} ∈ Mn[E] is {mi}. Let E1(G) → M1(G) = BHG be
the universal ex-fibration with the fibers pointed homotopy equivalent to G. Let us denote Mn(G) =
Mn[E1(G)] and En(G) = En[E1(G)].
Using the properties of fiberwise An-spaces explained in the previous section, one can prove the fol-
lowing theorem by a completely parallel argument in [Tsu12a, Section 5]. Denote the free homotopy
set between spaces X and Y by [X, Y].
Theorem 7.1 (The classification theorem for fiberwise An-spaces). Let n be a finite positive integer
and G a well-pointed An-space of the homotopy type of a CW complex. Then, there exists a fiberwise
An-space En(G) → Mn(G) with fibers An-equivalent to G such that the map [B, Mn(G)] → EAnG(B)
defined by the correspondence [ f ] 7→ [ f ∗En(G)] is bijective for any well-pointed space B of the
homotopy type of a connected CW complex.
Now, we construct the ‘associated principal fibration’ for En[E] → Mn[E]. Again, let G be an
An-space. For an ex-fibration E over B whose fibers are pointed homotopy equivalent to G, define a
space Cn[E] as
Cn[E] =
∐
b∈Mn[E]
{
f : QnhA-equivalence, d1 f = G, d0 f = (En[E])b
}
.
In particular, we denote Cn(G) = Cn[E1(G)]. Then there exists a homotopy fibration
FAnG −→ Cn[E] −→ Mn[E],
where FAnG is the space consisting of self QnhA-equivalences on G. Similarly to [Tsu12a, Proposition
5.8], the fiber of the Hurewicz fibration Cn[E] → Cn−1[E] is contractible. Then Cn(G) is weakly
contractible since C1(G) = EHG is weakly contractible.
For an An-space G, denote the set of equivalence classes of G-framed fiberwise An-spaces over
a path-connected pointed space B by EAnG(B)0. Using Lemma 5.5, one can show that a pointed
map f : B → B′ induces the map f ∗ : EAnG(B′)0 → EAnG(B)0 which depends only on the pointed
homotopy class of f . It is our aim of this section to prove the following classification theorem.
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Theorem 7.2 (The classification theorem for framed fiberwise An-spaces). Let n be a finite positive
integer and G an An-space of the homotopy type of a CW complex. Then, there exists a G-framed
fiberwise space En(G) → Mn(G) such that the map [B, Mn(G)]0 → EAnG(B)0 defined by the corre-
spondence [ f ] 7→ [ f ∗En(G)] is bijective for any pointed space B pointed homotopy equivalent to a
connected CW complex.
Proof. We fix a G-framing of the universal fiberwise An-space En(G). First, we see that the map
[B, Mn(G)]0 → EAnG(B)0 is surjective. For a G-framed fiberwise An-space E → B, by Theorem 7.1,
there are maps f : E → En(G) and ¯f : B → Mn(G) such that f covers ¯f and f induces a fiberwise
QnhA-equivalence E → ¯f ∗Mn(G). Take a 2-cell σ ∈ Rn2(∗) such that d2σ : E∗ → G represents the
inverse of the framing G → E∗ in the homotopy category and d0σ = f∗ : E∗ → En(G)∗ as above.
There is a 1-cell Σ0 ∈ Rn1(I) defined by a path I → PEn(G) from d1σ to the framing of En(G) since
PEn(G) is weakly contractible. Denote the stationary homotopy on d2σ by Σ2 ∈ Rn1(I). Then by
Lemma 6.5, there exists a 2-sell Σ ∈ Rn2(I) such that Σ|{0} = σ, d2Σ = Σ2 and d0Σ = Σ0. The homotopy
d1Σ extends to a homotopy F : I × E → En(G) from f covering some homotopy ¯F : I × B → Mn(G)
from ¯f . Denote g = F |{1}×E and g¯ = ¯F |{1}×B. Since d2Σ|{1} : E∗ → G represents the inverse of the
framing, d0Σ|{1} : G → En(G) is the framing and d1Σ|{1} = g∗, the map g induces a G-framed fiberwise
QnhA-map E → g¯∗En(G). Thus we obtain the equality [g¯∗En(G)] = [E] in EAnG(B)0.
The injectivity of the map [B; Mn(G)]0 → EAn0 G(B)0 is proved similarly to [Tsu12a, Proposition
5.6]. The counterpart of [Tsu12a, Lemma 5.3] is stated as follows. 
Lemma 7.3. Let E → B be an ex-fibration and {mi}ni=2 and {m′i}ni=2 be fiberwise An-forms on E which
restrict to the same An-form on the fiber over the basepoint. Then the identity map E → E is a framed
fiberwise QnhA-map (E, {mi}) → (E, {m′i}) if and only if {mi} and {m′i} are homotopic as sections of
Mn[E] → B through a homotopy which is constant on the basepoint.
Similarly to [Tsu12a, Proposition 6.3], we have the following proposition for fiberwise localiza-
tions.
Proposition 7.4. Let G be a path-connected An-space. Denote the classifying map of the fiberwise
P-localization of En(G) by λ : Mn(G) → Mn(GP) as a framed fiberwise An-space. Then for a (G-
framed) fiberwise An-space E over B classified by α : B → Mn(G), the fiberwise P-localization of
E is classified by λ ◦ α. Moreover, if G is homotopy equivalent to a finite complex and r ≥ 2, then
the induced homomorphism λ∗ : πr(Mn(G)) → πr(Mn(GP)) is a P-localization of the abelian group
πr(Mn(G)).
Remark 7.5. The finiteness condition for G is used as follows. May [May80, Theorem 4.1] proved
that λ∗ : πr(M1(G)) → πr(M1(GP)) is a P-localization for r ≥ 2 when G is a finite complex. By the
fibration
Ω
n−2Map0(G∧n,G) −→ Mn(G) −→ Mn−1(G)
and the fact that Map 0(G∧n,G) → Map 0(G∧nP ,GP) P-localizes each connected components for a con-
nected finite complex G [HMR75, Theorem 3.11], one can inductively show that λ∗ : πr(Mn(G)) →
πr(Mn(GP)) is a P-localization of the abelian group πr(Mn(G)) if G is homotopy equivalent to a finite
complex and r ≥ 2.
8. An application to An-types of gauge groups
Let us recall elementary facts on gauge groups. In this section, we assume that every principal
bundle have the basepoint in the fiber over the basepoint of the base space. For a principal G-bundle
P over a pointed finite CW complex B, the gauge group G(P) of P is the topological group consisting
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of unpointed G-equivariant self maps P → P covering the identity on B, which is topologized by
the compact open topology. Note that G is a contravariant functor from the category of principal
G-bundles and bundle maps to the one of topological groups and continuous homomorphisms. We
denote the restriction map on the fiber over the basepoint by ev : G(P) → G(P|∗)  G and the
kernel of ev : G(P) → G by G0(P). In other words, the subgroup G0(P) ⊂ G(P) consists of pointed
G-equivariant self maps P → P covering the identity map on B.
Gottlieb [Got72] proved that the classifying space BG(P) of G(P) has the homotopy type of the
connected component Map(B, BG;α) ⊂ Map(B, BG) of the basepoint free mapping space containing
the classifying map α : B → BG of P. Similarly, BG0(P) has the homotopy type of the connected
component Map0(B, BG;α) ⊂ Map 0(B, BG) of the pointed mapping space containing α. Moreover,
there exists the homotopy fiber sequence:
G0(P) → G(P) ev−→ G δ−→ Map 0(B, BG;α) → Map(B, BG;α) ev−→ BG,
where ev : Map(B, BG;α) → BG is the evaluation map on the basepoint.
Take the fiber bundle adP = P ×G G associated to P, where the left G-action on G is given by
conjugation. We call adP the adjoint group bundle of P. The adjoint group bundle adP is a fiberwise
topological group. Then the space Γ(ad P) of sections is a topological group with the multiplication
induced from the fiberwise topological group structure of adP. In fact, the gauge group G(P) is
naturally isomorphic to Γ(adP) as a topological group. Note that the basepoint of P defines the
natural G-framing adP|∗  G which is an isomorphism of topological groups.
Remark 8.1. The finiteness theorem on fiberwise An-types of adjoint group bundles [Tsu12a, Theorem
8.6] also holds for framed fiberwise An-types. The proof is almost same as the original one except for
that we need to use the fibration
Ω
n−2
0 Map 0(G∧n,G) −→ Mn(G) −→ Mn−1(G).
In particular, for an adjoint group bundle adP over a sphere S r for f ≥ 1, the classifying map in
πr(Mn(G)) has finite order.
We shall investigate gauge groups using the localization technique. Though a localization of a
topological group is not a topological group in general, a localization of it has a natural A∞-form
by Proposition 2.12. But, as explained before, it is difficult to handle homotopy pullback of general
An-maps in our setting. To avoid this difficulty, we replace the Lie group G by a convenient one.
Proposition 8.2. Let G be a compact connected Lie group. For a partitionP⊔P′ of the set of primes,
there exist a P-localization GP, a P′-localization GP′ and a rationalization G(0) of G such that they
are topological groups and a rationalization ρ : GP → G(0) and ρ′ : GP′ → G(0) can be taken to be
homomorphisms as well as Hurewicz fibrations.
Proof. We may take the localized classifying spaces (BG)P, (BG)P′ and (BG)(0) as countable simpli-
cial complexes. Take rationalizations ρ¯ : (BG)P → (BG)(0) and ρ¯′ : (BG)P′ → (BG)(0) as simplicial
maps. Denote the Milnor’s simplicial loop spaces [Mil56] of them by (GP)0, (GP′)0 and G(0), which
are topological groups with classifying spaces (BG)P, (BG)P′ and (BG)(0), respectively. Then ρ¯ and
ρ¯′ induce rationalizing homomorphisms ρ0 : (GP)0 → G(0) and ρ′0 : (GP′)0 → G(0), respectively.
As remarked in Remark 4.2, ρ0 and ρ′0 can be replaced by Hurewicz fibrations ρ : GP → G(0) and
ρ′ : GP′ → G(0) which are homomorphisms between topological groups. 
The topological group ˆG obtained as the pullback of the diagram GP
ρ
−→ G(0)
ρ′
←− GP′ is A∞-
equivalent to G and the natural projections λ : ˆG → GP and λ′ : ˆG → GP are localizing homomor-
phisms. Then principal G-bundles and principal ˆG-bundles correspond one-to-one up to isomorphism
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and, considering the homotopy types of the classifying spaces, this correspondence preserves the
A∞-types of gauge groups. If P is a principal ˆG-bundle, then the associated bundles PP, PP′ and P(0)
induced from the homomorphisms ˆG → GP, ˆG → GP′ and ˆG → G(0) give the corresponding fiberwise
localizations adPP, adPP′ and adP(0) of adP, respectively.
Now we concentrate on our attention to the gauge groups of principal G-bundles over the r-
dimensional sphere S r. Fix a pointed map ǫ : S r−1 → G. For an integer k ∈ Z, we denote the
principal G-bundle with classifying map kǫ by Pk. As easily checked, if the adjoint group bundles
adPk and adPk′ are G-framed fiberwise An-equivalent, then one can deform the framed fiberwise
QnhA-equivalence adPk → adPk′ to the one f : adPk → adPk′ which restricts to the isomorphism
of topological groups with canonical An-form on the fiber over the basepoint since the framings of
adjoint group bundles are given by isomorphisms of topological groups. Moreover, if ϕ : Dr → S r
is the characteristic map, then we obtain the following strictly commutative diagram of topological
groups and An-maps with respect to canonical composition:
Γ(ϕ∗adPk) //
(ϕ∗ f )∗

Γid((ϕ∗adPk)|S r−1)
(ϕ∗ f )∗

Goo
Γ(ϕ∗adPk′) // Γid((ϕ∗adPk′)|S r−1) Goo
where Γid((ϕ∗adPk)|S r−1) represents the identity component of the topological group Γ((ϕ∗adPk)|S r−1),
Γ(ϕ∗adPk) → Γid((ϕ∗adPk)|S r−1) and Γ(ϕ∗adPk′) → Γid((ϕ∗adPk′)|S r−1) are the restrictions on the
boundary S r−1 of Dr, which are Hurewicz fibrations, G → Γid((ϕ∗adPk)|S r−1) and G → Γid((ϕ∗adPk′)|S r−1)
are the inclusions through the framings of the fiber over the basepoint and Γ(ϕ∗adPk) → Γ(ϕ∗adPk′)
and Γ((ϕ∗adPk)|S r−1) → Γ((ϕ∗adPk′)|S r−1) are the induced An-equivalence from the framed fiberwise
QnhA-equivalence ϕ∗ f : ϕ∗adPk → ϕ∗adPk′ . The gauge groups G(Pk) and G(Pk′) are isomorphic
to the pullback of the corresponding horizontal lines. Since ϕ∗Pk and ϕ∗Pk′ are trivial bundles, the
following diagram is equivalent to the above one,
Map(Dr,G) // Map(S r−1,G; 0)
F

Gαkoo
Map(Dr,G) // Map(S r−1,G; 0) Gαk′oo
where Map(S r−1,G; 0) denotes the identity component of the topological group Map(S r−1,G). The
map αk : G → Map(S r−1,G; 0) is defined as
αk(g)(s) = (kǫ)(s)g(kǫ)(s)−1
for g ∈ G and s ∈ S r−1. The right square commutes strictly and the left one up to homotopy of An-
maps. Denote this homotopy by H. Since F is induced from the framed fiberwise QnhA-equivalence
f , the canonical composite of H and the evaluation map Map(S r−1,G; 0) → G is the stationary
homotopy of the evaluation map Map(Dr,G) → G. Now, we give the proof of our main theorem.
Proof of Theorem 1.1. Let P be the set of primes which divide N and P′ the set of the other primes.
As above, we may assume that the structure group is ˆG. Denote the localizing homomorphisms by
λ : ˆG → GP, λ′ : ˆG → GP′ , ρ : GP → G(0) and ρ′ : GP′ → G(0), where ρ ◦ λ = ρ′ ◦ λ′. So, in this
proof, we denote the principal ˆG-bundle corresponding to the original principal G-bundle Pk by the
same symbol Pk, and so on. Then, since (N, k) = (N, k′), there exists an integer A ∈ Z prime to N
such that Ak ≡ k′ mod N. From Theorem 7.2, adPAk and adPk′ are framed fiberwise QnhA-equivalent.
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Thus we have the following diagram:
Map(Dr,GP) // Map(S r−1,GP; 0)
A∗

GP
αkoo
Map(Dr,GP) // Map(S r−1,GP; 0)
F

GP
αAkoo
Map(Dr,GP) // Map(S r−1,GP; 0) GPαk′oo
(*)
where F is an An-equivalence induced from the framed fiberwise QnhA-equivalence adPAk → adPk′
which restricts to an isomorphism on the fiber over the basepoint, the right squares commute strictly
and the left ones up to homotopies such that the canonical composite of them with the evaluation map
Map(S r−1,GP; 0) → GP are stationary homotopy. We remark that the map A∗ : Map(S r−1,GP; 0) →
Map(S r−1,GP; 0) is an A∞-equivalence since A is not divided by any prime in P. Similarly, since the
fiberwiseP′-localizations of adPk and adPk′ are An-trivial by Proposition 7.4, we obtain the following
diagram:
Map(Dr,GP′) // Map(S r−1,GP′ ; 0)
F′

GP′
αkoo
Map(Dr,GP′) // Map(S r−1,GP′ ; 0) GP′αk′oo
(**)
where F′ is an An-equivalence, the right square commutes strictly and the left one commutes up to
homotopy with the same property as stated above. Note that the evaluation map Map(S r−1,G(0); 0) →
G(0) is a homotopy equivalence because the homotopy fiberΩr−10 G(0) of it is contractible since r ≥ 2nℓ.
Then, since the pullback of the diagram
Map(S r−1,GP; 0)
ρ∗
−→ Map(S r−1,G(0); 0)
ρ′∗
←− Map(S r−1,GP′; 0)
is Map(S r−1, ˆG; 0), there exists a lift ˆF : Map(S r−1, ˆG; 0) → Map(S r−1, ˆG; 0), which is an An-
equivalence, of F ◦ A∗ ◦ λ∗ : Map(S r−1, ˆG; 0) → Map(S r−1,GP; 0) and F′ ◦ λ′∗ : Map(S r−1, ˆG; 0) →
Map(S r−1,GP′; 0) by Theorem 3.1. This lift is determined uniquely up to homotopy by Theorem 3.3
taking the homotopy between ρ∗ ◦ F ◦ A∗ ◦ λ∗ and ρ′∗ ◦ F′ ◦ λ′∗ as the lift of the stationary homotopy of
ev ◦ ρ∗ ◦ λ∗ : Map(S r−1, ˆG; 0) → G(0) through the homotopy equivalence ev : Map(S r−1,G(0)) → G(0).
Now we have the following diagram:
Map(Dr, ˆG) // Map(S r−1, ˆG; 0)
ˆF

ˆGαkoo
Map(Dr, ˆG) // Map(S r−1, ˆG; 0) ˆGαk′oo
Again, using Theorem 3.1 and 3.3, this diagram commutes up to homotopy of An-maps. Therefore,
taking the pullback along the horizontal direction, G(Pk) and G(Pk′) are An-equivalent by Theorem
3.1. 
9. An-types of gauge groups of principal SU(2)-bundle over S 4
In this section, we consider the gauge groups of principal SU(2)-bundles over S 4. Denote the
principal SU(2)-bundle over S 4 of the second Chern number k ∈ Z by Pk, where this notation is
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compatible with the notation in Theorem 1.1 for the appropriate generator ǫ ∈ π3(SU(2))  Z. We will
denote the fiberwise p-localization of adPk by adPk,p. Let afwn be the least positive integer such that the
adjoint group bundle adPafwn is An-trivial. In this section, we will determine afwn up to power of 2. By
Proposition 7.4, afwn is the product of the order of the classifying maps of adP1,p in π4(Mn(SU(2)(p))) 
π4(Mn(SU(2)))(p) for all prime p. From the result of [CS00], we already have afw1 = 12 and afw2 = 180.
By the result of Kishimoto and Kono [KK10], the adjoint bundle adPk,p is An-trivial if and only if
there exists a map S 4(p) × HPn(p) → HP∞(p) that restricts to the map (k, i) : S 4(p) ∨ HPn(p) → HP∞(p), where
i : HPn(p) → HP
∞
(p) is the inclusion.
Proposition 9.1. Suppose p is an odd prime.
(1) The adjoint bundle adPk,p is A(p−1)/2−1-trivial.
(2) If the adjoint group bundle adPk,p is An-trivial (suppose nothing if n = 0), then adPkp,p is
An+(p−1)/2-trivial.
Proof. If adPk,p is An-trivial, as noted above, there is a map
f : S 4(p) × HPn(p) ∪ ∗ × HP∞(p) → HP∞(p)
which is an extension of (k, id) : S 4(p) ∨ HP∞(p) → HP∞(p). It is well-known that there are isomorphisms
πi(HP∞(p))  πi−1(S 3(p)) 
{
Z/pZ (i = 2p + 1)
0 (otherwise)
for 4 < i < 4p − 1. Then, by an easy observation of the obstructions to extending the map f , the
assertion (1) follows. Consider the commutative diagram
S 2p+1(p) //
p

S 4(p) × HP
(p−1)/2−1
(p) ∪ ∗ × HP
∞
(p)
f◦(p×id)//
p×id

HP∞(p)
S 2p+1(p) // S 4(p) × HP
(p−1)/2−1
(p) ∪ ∗ × HP
∞
(p)
f // HP∞(p),
where the left horizontal maps are the attaching map of the p-local cell of dimension 2p + 2 in
S 4(p)×HP
(p−1)/2
(p) . Again, by the above computation of πi(HP∞(p)), the obstruction to extending f ◦(p×id)
vanishes and (2) for n < (p − 1)/2 also follows.
From now, we assume n ≥ (p − 1)/2. Define a space Xr by the following pushout diagram
S 4(p) × HPn(p) ∪ ∗ × HP∞(p)
f //

HP∞(p)
jr

S 4(p) × HPn+r(p) ∪ ∗ × HP∞(p)
fr // Xr,
where the left vertical arrow is the inclusion. There is a natural p-local relative cell decomposition
Xr = HP∞(p) ∪ e
4n+8 ∪ e4n+12 ∪ · · · ∪ e4n+4r+4 and we denote the attaching map of e4n+4r+4 ⊂ Xr by
ϕr : S 4n+4k+3 → Xr−1. In the following, we only consider the case r ≤ (p − 1)/2
Set generators u ∈ H4(S 4(p);Z(p)) and c ∈ H4(HP∞(p);Z(p)). The cohomology ring of Xr is computed
as
H∗(Xr;Z(p)) = Z(p)[x, y]/(y2, xry),
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where j∗r x = c ∈ H4(HP∞(p);Z(p)) and f ∗r y = u × cn+1 ∈ H4(S 4(p) × HP∞(p);Z(p)). Then, by the Serre
spectral sequence, one can compute the cohomology of the homotopy fiber Rr of jr : HP∞(p) → Xr as
Hi(Rr;Z(p)) 
{
Z(p) (i = 4n + 7 or 4n + 4r + 6)
0 (otherwise)
for i < 8n + 14 since we assume n ≥ (p − 1)/2 and r ≤ (p − 1)/2. From this isomorphism, there is a
map
Rr → K(Z(p), 4n + 7) × K(Z(p), 4n + 4r + 6)
which induces an isomorphism on the cohomology of degree < 4n+ 2p+ 6 if r < (p− 1)/2. Thus the
homotopy groups are
πi(Rr) 
{
Z(p) (i = 4n + 7 or 4n + 4r + 6)
0 (otherwise)
for i < 4n + 2p + 4. The above description of πi(Rr) also holds for r = (p − 1)/2, i < 4n + 2p + 4.
From the homotopy fiber sequence Rr → HP∞ → Xr, we can compute πi(Xr) as follows.
• When 4n + 8 < i < 4n + 4r + 6, the map ( jr)∗ : πi(HP∞(p)) → πi(Xr) is an isomorphism.
• When r < (p − 1)/2 and 4n + 4r + 7 < i < 4n + 2p + 4, the map ( jr)∗ : πi(HP∞(p)) → πi(Xr) is
again an isomorphism. Then, for r < (p − 1)/2, there is the following short exact sequence
0 → π4n+4r+8(Xr+1, Xr) → π4n+4r+7(Xr) → π4n+4r+7(Xr+1) → 0
since there is an isomorphism π4n+4r+7(Xr+1, Xr) = 0, π4n+4r+8(Xr+1, Xr)  Z(p) and π4n+4r+8(Xr+1)
is a finite group. We have a canonical section π4n+4r+7(Xr+1)  π4n+4r+7(HP∞(p)) → π4n+4r+7(Xr)
of it and obtain the equality
π4n+4r+7(Xr) = ( jr)∗π4n+4r+7(HP∞(p)) ⊕ Z(p){ϕr+1}.
We have another generator of the free part of π4n+4r+7(Xr): the relative Whitehead product θr =
[( jr)∗i, ϕ¯r] ∈ π4n+4r+7(Xr) of the inclusion jr◦i : S 4 → Xr and the characteristic map ϕ¯r : (D4n+4r+4, S 4n+4r+3) →
(Xr, Xr−1) of e4n+4r+4 ⊂ Xr has infinite order and is not divided by p for r < (p − 1)/2. This follows
from the similar computation on πi(Xr ∪θr D4n+4r+8) and the exact sequence
0 → π4n+4r+8(Xr ∪θr D4n+4r+8, Xr) → π4n+4r+7(Xr) → π4n+4r+7(Xr ∪θr D4n+4r+8) → 0.
Consider the next similar pushout diagram
S 4(p) × HPn(p) ∪ ∗ × HP∞(p)
f◦(p×id)//

HP∞(p)
j′r

S 4(p) × HPn+r(p) ∪ ∗ × HP∞(p)
f ′r // X′r.
and denote the attaching map of the cell (e′)4n+4r+4 ⊂ X′r by ϕ′r : S 4n+4r+3 → X′r−1. There is a natural
map χr : X′r → Xr such that the diagram
S 4n+4r+3
ϕ′r //
p

X′
r−1
χr

HP∞(p)
j′roo
S 4n+4r+3 ϕr // Xr−1 HP∞(p)
jroo
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commutes, which maps the characteristic map ϕ¯′r ∈ π4n+4r+4(X′r, X′r−1) of the cell (e′)4n+4r+4 ⊂ X′r to
pϕ¯r ∈ π4n+4r+4(Xr, Xr−1) and hence θ′r = [( j′r)∗i, ϕ¯′r] ∈ π4n+4r+7(X′r) to pθr ∈ π4n+4r+7(Xr). Note the
equality
π4n+4r+7(X′r)/( j′r)∗π4n+4r+7(HP∞(p)) = Z(p){ϕ′r+1} = Z(p){θ′r}.
Then there is a unit c ∈ Z×(p) such that ϕ′r+1 − cθ′r ∈ ( j′r)∗π4n+4r+7(HP∞(p)). From this, we have
(χr)∗(ϕ′r+1 − cθ′r) = pϕr+1 − cpθr = 0
because π4n+4r+7(HP∞(p)) is annihilated by p (the result of Selick [Sel78]). The injectivity of ( jr)∗
implies ϕ′
r+1 = cθ
′
r in π4n+4r+7(X′r).
Using the above computations, we shall construct a retraction ρr : X′r → HP∞(p) by an induction on
r ≤ (p − 1)/2. When r = 1, the attaching map of (e′)4n+4r+8 ⊂ X′1 is null-homotopic as ϕ′1 = pϕ1 =
0 ∈ π4n+4r+7(HP∞(p)). Thus a retraction ρ1 : X′1 → HP∞(p) exists. Assume that there is a retraction
ρr : X′r → HP∞(p) for some r < (p − 1)/2. Then we have (ρr)∗(ϕ¯′r) ∈ π4n+4r+4(HP∞(p),HP∞(p)) = 0 and
(ρr)∗(ϕ′r+1) = (ρr)∗(cθ′r) = c(ρr)∗([( j′r)∗i, ϕ¯′r]) = c[i, (ρr)∗(ϕ¯′r)] = 0.
Hence there is a retraction ρr+1 : X′r+1 → HP∞(p).
Therefore, the composition ρr ◦ f ′r : S 4(p) × HP∞(p) → HP∞(p) is an extension of f ◦ (p × id). 
In the proof of the next corollary, we quote the result of the author [Tsu12b]. The author computed
the divisibility of the invariant ǫn ∈ Q defined by Tsukuda [Tsu01], which has the following property:
if adPk,p is An-trivial, then kǫn ∈ Z(p). But the author must apologize for that the description of the
main result [Tsu12b, Theorem4.5] is not correct because of a very elementary error of counting.
Nevertheless, the essential computation [Tsu12b, Proposition 4.2, 4.4] is correct.
Corollary 9.2. For the integer afwn defined above and an odd prime p, we have the p-exponent as
vp(afwn ) =
[
2n
p − 1
]
,
where [m] denotes the largest integer not greater than m.
Proof. Take integers q and 0 ≤ r < (p − 1)/2 as n = q(p − 1)/2 + r, where q = [2n/(p − 1)]. By
[Tsu12b, Proposition 4.4], we have vp(ǫq(p−1)/2) = −q. Since vp(afwn ǫq(p−1)/2) ≥ 0, we obtain
vp(afwn ) ≥ q.
By Proposition 9.1 (1), adP1,p is Ar-trivial. Then, by using the Proposition 9.1 (2) repeatedly, adPpq ,p
is An-trivial. Therefore, by the definition of afwn , we have
vp(afwn ) ≤ q.
Finally, we conclude vp(afwn ) = q = [2n/(p − 1)]. 
Remark 9.3. For p = 2, by a similar observation of the obstruction to extending the map S 4(2)∨HPn(2) →
HP∞(2), we obtain
n ≤ v2(afwn ) ≤ 2n.
The left hand side follows from [Tsu12b, Proposition 4.2]. The right hand side follows from the
fact that 4 annihilates the 2-component of the homotopy groups of S 3 by the result of James [Jam57,
Corollay (1.22)].
We close this paper by proving Theorem 1.2.
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Proof of Theorem 1.2. The if part is a consequence of Corollay 9.2, Remark 9.3 and Theorem 1.1.
The converse is shown as follows. Suppose that the gauge groups G(Pk) and G(Pk′) are An-equivalent
and v2(k) ≤ 1. By [Tsu12a, Proposition 10.2] and Corollay 9.2, the equality vp(k) = vp(k′) must
hold for any odd prime p. Moreover, v2(k) = v2(k′) follows from the Kono’s result [Kon91] and
v2(k) ≤ 1. 
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